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Abstract. We introduce the notion of fixed points for a mappings in complex val-
ued b-metric space and demonstrate the existence and uniqueness of the main Banach
contractive type, Kannan type, and Chatterjea type in complex valued b-metric spaces.
Presented theorems in this paper extend and generalize the results derived by Mehmet
and Kiziltunc in [12]. Some examples are given to illustrate the main results.
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1. Introduction

Banach [9] introduced the main contraction principle for the fixed point theory
which was the starting point for many researchers in nonlinear analysis. In
1989, Bakhtin [8] introduced the concept of a b-metric space as a generalization
of metric spaces. In 1993, Czerwik [10, 11] extended many results related to the
b-metric spaces. Close to our interest in this paper many researchers studied
some fixed point theorems in the so called b-metric space [1, 2, 3, 4, 5, 12, 13, 14].
In 2011, Azam et al. [17] introduced the concept of complex valued metric spaces
and obtained sufficient conditions for the existence of common fixed points of
a pair of contractive type mappings. The existence and uniqueness of the fixed
points of self-mappings noted were considered in [18, 19]. In 2013, Rao et al [20]
introduced the notion of complex valued b-metric spaces which is more general
than the well known complex valued metric spaces and also gave common fixed
point theorems.

In this paper, we generalize results of Mehmet and Kiziltunc in [12], by
introducing the contractive mapping in a complete complex valued b-metric
space.

Definition 1.1 ([7]). Let X be a nonempty set and let s > 1 be a given real
number. A function d : X x X — [0, 00) is called a b-metric if for all z,y,z € X
the following conditions are satisfied:

(1) d(z,y) =0 if and only if v = y;

(i) d(z,y) = d(y,v);



116 AIMAN A. MUKHEIMER

(4ii) d(z,y) < s[d(x, z) + d(z,y)].

The pair (X,d) is called a b-metric space. The number s > 1 is called the
coefficient of (X, d).

Example 1.1 ([6]). Let X = {1, x2,23,24}. Define a function d : X x X —
[0,00) such that d(z1,22) = k > 2 and d(z1,23) = d(x1,24) = d(z2,23) =
d(zo,x4) = d(x3,24) = 1, d(z4,2;) = d(zj,z;) for all 4,57 = 1,2,3,4 and
d(z;,z;) = 0 for all i,j = 1,2,3,4. Then d(z;,7;) < 5[d(zi, 2,) + d(wn, 7;)]
for z; € X and i,5 = 1,2,3,4. Therefore, (X,d) is a b-metric space with con-
stant s = % However if k& > 2 the ordinary triangle inequality does not hold
and thus (X, d) is not a metric space.

Let C be the set of complex numbers and 21, z3 € C. Define a partial order
= on C as follows:

z1 3 22 if and only if Re(z1) < Re(z1), Im(z1) < Im(z2)

~

Thus z1 3 2z if one of the following holds:

~

(1) Re(z1) = Re(z2) and Im(z1) =Im(z2),
(2) Re(z1) < Re(z2) and Im(z1) =Im(z2),
(3) Re(z1) = Re(z2) and Im(z1) < Im(z2),
(4) Re(z1) < Re(z2) and Im(z1) < Im(z2).
We will write 21 3 22 if 21 # 22 and one of (2),(3) and (4) is satisfied, also

we will write 21 < 29 if only (4) is satisfied.
Remark 1.1. We can easily check that the following statements are hold:
(i) If a,b € R and a <b, then az = bz for all z € C,

(i) If0 T 21 3 22, then |z1| < |zo],

(iii) If 21 2 z9 and z9 < z3, then 23 < z3.

~

Definition 1.2 ([17]). Let X be a nonempty set. A function d: X x X — C is
called a complex valued metric on X if for all x,y, z € X the following conditions
are satisfied:

(1) 0 3 d(z,y) and d(z,y) =0 if and only if x = y;
(i) d(z,y) = d(y,z);

(1ii) d(z,y) 2 d(z,2) +d(z,y).

The pair (X,d) is called a complex valued metric space.

Example 1.2 ([18]). Let X = C. Define the mapping d : X x X — C by
d(z,y) =ilx—y|, for all z,y € X. Then (X, d) is a complex valued metric space.



SOME FIXED POINT THEOREMS IN COMPLEX VALUED b-METRIC SPACES 117

Example 1.3 ([19]). Let X = C. Define the mapping d : X x X — C by
d(x,y) = e*|x — y|, where k € R and for all z,3y € X. Then (X, d) is a complex
valued metric space.

Definition 1.3 ([20]). Let X be a nonempty set and let s > 1 be a given real
number. A function d: X x X — C is called a complex valued b-metric on X if
for all x,y,z € X the following conditions are satisfied:

(1) 0 3 d(z,y) and d(z,y) =0 if and only if x = y;
(i) d(z,y) = d(y,);
(i11) d(z,y) 3 sld(z, 2) + d(z,)].
The pair (X,d) is called a complex valued b-metric space.

Example 1.4 ([20]). Let X = [0,1]. Define the mapping d : X x X — C by
d(z,y) = |z — y|> +i|z — y|?, for all z,y € X. Then (X,d) is a complex valued
b-metric space with s = 2.

Definition 1.4 ([20]). Let (X, d) be a complex valued b-metric space.

(i) A point x € X is called interior point of a set A C X whenever there exists
0 <r € C such that B(z,r) :=={y € X : d(z,y) <r} C A.

(1i) A point x € X is called a limit point of a set A whenever for every 0 <
reC, B(z,r)N(A—-X) #0.

(7i1) A subset A C X is called open whenever each element of A is an interior
point of A.

(iv) A subset A C X is called closed whenever each element of A belongs to A.

(v) A sub-basis for a Hausdorff topology 7 on X is a family F = {B(z,r) :
x € Xand0 < r}.

Definition 1.5 ([20]). Let (X,d) be a complex valued b-metric space, {x,} be
a sequence in X and x € X.

(2) If for every ¢ € C, with 0 < r there is N € N such that for all n >
N,d(zpn, ) < ¢, then {x,} is said to be convergent, {x,} converges to x
and x is the limit point of {x,}. We denote this by lim, oo T, = = or
{zp} > 2z asn — oo.

(13) If for every ¢ € C, with 0 < r there is N € N such that for all n >
N, d(xpn, Tnem) < ¢, where m € N, then {x,,} is said to be Cauchy sequence.

(13i) If every Cauchy sequence in X is convergent, then (X,d) is said to be a
complete complex valued b-metric space.
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Lemma 1.1 ([20]). Let (X,d) be a complex valued b-metric space and let {xy}
be a sequence in X. Then {x,} converges to x if and only if |d(xn,x)] — 0 as
n — 0o.

Lemma 1.2 ([20]). Let (X, d) be a complex valued b-metric space and let {x,} be
a sequence in X. Then {x,} is a Cauchy sequence if and only if |d(zy, Tnim)| —
0 as n — oo, where m € N.

2. Main result

Definition 2.1. Let (X,d) be a complex valued b-metric space with the coef-
ficient s > 1. A mappings T : X — X is called contraction if there exists a
constant k € [0,1)

(2.1) d(Tz,Ty) T kd(z,y)
for all xz,y € X.

Definition 2.2. Let (X,d) be a complex valued b-metric space with the coeffi-
cient s > 1. A mapping T : X — X is called weak contraction if there exists a
constant a € (0,1) and B > 0 such that

(2:2) d(Tz,Ty) 3 ad(xz,y) + Bd(y, Tx)
forall xz,y € X.

Remark 2.1. Note that by using the symmetry of the distance, the weak con-
traction condition (2.2) implies

(2.3) d(Tz,Ty) 2 ad(z,y) + Bd(z, Ty)

for all z,y € X. So, we have to verify (2.2)and (2.3) in order to check the weak
contractiveness of 7.

Remark 2.2. It is clear that any contraction mapping is also weak contraction
in the (usual) complex b-metric space.

Our next theorem is about the generalization of the main Banach’s contrac-
tion theorem in complex valued b-metric spaces.

Theorem 2.1. Let (X, d) be a complete complex valued b-metric space with the
coefficient s > 1 and T : X — X be a mapping satisfying:

(2.4) d(Tz,Ty) 3 kd(z,y)

where k € [0,1) and sk < 1. Then, T has a unique fixed point in X.
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Proof. For any arbitrary point zp € X. Define sequence {z,} in X such that
Tnt1 = Txp = TTxy. Then d(z1,22) = d(Txo,Tx1) 2 kd(xo,21), and also
d(z2,23) = d(Tx1, Txs) 2 kd(x1,22) 3 k*d(x0, 1), By induction on n we get

(2.5) d(xn, Tnt1) = d(Trp_1,Txy) 2 kd(xn—1,2,) 3 k"d(z0,x1).

Since k € [0,1) we get k™ € [0,1). Therefore, T is a contraction mapping.
Now we show that {z,} is a Cauchy sequence in (X,d). Let m > n > 0. Thus,

5d(ZTn; Tnt1) + 5d(Tnt1, Trm)

nt1) + 5°d(Tni1, Tnya) + S2d(Tni2, Tm)

sd(xp, Tni1) + 2d(Tpi1, Tnio) + SSd(Tpio, Tm) + SSd(Tpy2, Tm)
)

d(Zp, Tim)

sd(xy,

sd(xn,an) +s d($n+17l‘n+2 + Sgd($n+2,9€m)

s 2d($m,3, CEme) + Sm_n_ld(xmfk CEmfl)

++2A2AZA2A

,-—j Sd(.’Bn, xn—i—l) + 32d<$n+17 xn+2> + 33d(£n+27 xm)
o4 ST 2 (T3, T—2) + 8T (T, Tine1)

+ 8" d(Xm—1, Tm)-
By using (2.5) we get

d(xp, Tp) 3 skd(zo, x1) + 2" d(xg, z1) + 3k 2d (20, 1)

o 8T (g, ) + ST R T 2d (20, 21)
m—n

+ smfnk:mfld(xg,xl) = Z s%”"fld(xo,xl)
=1

Therefore,
m—n ) )
d(Tpy Tm) 3 s””_l/@””_ld(mo,xl)
i=1
m—1 o)
sk)™
= St $0,$1 iz xg,xl 1_lkd(x0,x1).

t=n t=n

Taking the modulus, we get

k n
@6 e < P i) 0 as mon oo
Therefore
(2.7) lim |d(zp,xm)| = 0.

n,Mm—00
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Hence, {x,} is a Cauchy sequence in X.
Since X is complete, there exists some x € X such that x, — x as n — oco. Now
we show that Tz = . Assume not, then there exist z € X such that

(2.8) |d(Tz,x)| = |z| > 0.
So, we have

z=d(x,Tx) 2 sd(x,x,) + sd(xp, Tz) = sd(x, z,) + sd(Txp—1,Tx)
3 sd(x, xn) + skd(xn—1,).

This implies that
(2.9) |z| = |d(z, Tx)] < s|d(x,z,)|+ skld(zp—1,2)] = 0 as n — oo,

we obtain that |z| = |d(z,Tx)] < 0, a contradiction with (2.8). So |z| =
|d(xz,Tz)] = 0, Hence Tx = x.

Now we show that T has a unique fixed point. For this, assume that z* is
another fixed point of 7. Then by using (2.1) we get

d(z,z*) =d(Tx,Tz") 2 kd(z, %) < d(x,x™).

This implies that |d(x,z*)| < |d(x,z*)|, a contradiction. Thus z is a unique
fixed point in X. This completes the proof. O

Remark 2.3. Any mapping satisfying the contractive condition in (2.1) need
not be a contraction in complex valued b-metric spaces unless some conditions
on k.

In the following theorem we extend the Kannan type fixed point theorem in
[15] in complex valued b-metric spaces.

Theorem 2.2. Let (X, d) be a complete complex valued b-metric space with the
coefficient s > 1 and T : X — X be a mapping satisfying:

(2.10) d(Tz,Ty) 2 pld(z, Tx) + d(y, Ty)]

1

where p € [0, 5). Then, T has a unique fized point in X.

Proof. For any arbitrary point zy € X. Define sequence {z,} in X such that
Tpy1 =Ty =T"xg. Then

d(x1,x9) = d(Txo, Tx1) 3 pld(zo, Txo) + d(x1, Tx1)],

and also
d(za,x3) = d(Tx1, Tr) 23 pld(xy, Txy) + d(ze, Txe)].
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By induction on n we get d(zy,xnt1) = d(Txp—1,Tzy) 3 pld(zn—1,TTn_1) +
d(xn, Try)] = pld(xn—1,2n) + d(xyn, Tps1)]. Thus we obtain

(2.11) d(zp, Tpt1) 3 ﬁd(xn,l,xn).

Therefore

Aen ns1) 3 75 d(eno1,n)

1N

(7)2d(xn—27 xn—l)

A
=

)3d(~75n—37 xn—2)

e (ﬁ)nd(xo, xl).

1N
A

Since p € [0, %), we get (ﬁ)" € [0,1). Therefore, T is a contraction mapping.
Easily as in the same manner in Theorem 2.1 we can show that {z,} is a
Cauchy sequence in (X, d). Since X is complete, there exists some x € X such
that x,, — = as n — oo. Now we show that Tz = x. Assume not, then there
exist z € X such that

(2.12) |d(Tx,x)| = |z| > 0.
So, we have

z=d(z,Tx) 3 sd(x,zy) + sd(zn, Tr) = sd(z,zy,) + sd(Txp_1,Tx)
2 sd(x,xy) + spld(xp—1,Trn—1) + d(x, Tx)]
= sd(x,zp) + spd(zp_1,Tyn) + spd(z, Tx).

This implies that

d@,T2) 3 < _‘Ssud@,xn) + 2 f“sudm_l, )

s SI B \na
2.1 < d(z, z,, B 1w, x1).
(2.13) 3 o)+ () )

Taking modulus in (2.13) we get

(2.14) [2| = |d(z, Tz)]
s sp

IN

)" Hd(xg, 1) = 0 as n — oo,

we obtain that |z| = |d(x,Tx)| < 0, a contradiction with (2.12). So |z| =
|d(x,Tz)] = 0, Hence Tx = x. As in Theorem 2.1 it is easily to show that T
has a unique fixed point. This completes the proof. O
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Remark 2.4. It is clear that we have no restriction on the contraction mapping
(2.10) for applying the Kannan’s fixed point theorem complex valued b-metric
spaces.

Remark 2.5 (see also [12]). Any mapping satisfying the contractive condition
(2.10) need not be a weak contraction in complex valued b-metric spaces unless

sp e 0,1)

In the following theorem we extend the Chatterjea type fixed point theorem
in [16] in complex valued b-metric spaces.

Theorem 2.3. Let (X, d) be a complete complex valued b-metric space with the
coefficient s > 1 and T : X — X be a mapping satisfying:

(2.15) d(Tz,Ty) 3 Ald(x, Ty) + d(y, Tx)]
where s\ € [0, %) Then, T has a unique fixed point in X .

Proof. For any arbitrary point zy € X. Define sequence {z,} in X such that
Tpy1 =Ty =T"xg. Then

d(ml, 1‘2) = d(Tl‘(), Txl) ;j )\[d(xo, T:L‘l) + d(wl, Tl‘o)]
= )\[d(xo, 372) + d(a:l, 371)] = )\d(w(), xg),

and

d(iL’Q, xg) = d(Tacl, T.%'Q) j /\[d(xl, Txg) + d(:BQ, Txl)]
= Ad(z1,23) + d(x2, 12)] = Md(21, 73),

By induction on n we get

d(xnaanrl) = d TxnflvTxn)

(
2 MNd(zp—1,Txy) + d(xn, Tap—1)]
= ANd(xp—1,Zn+1) + d(zpn, zp)]
= )\d(xn_l,xn+1)
3 sAld(@n—1, ) + d(@n, Tni1)]

Thus we obtain
SA

1—sA
Since s\ € [0, %), we get 12;)\ € [0,1). Therefore, T' is a contraction mapping.
Easily as in the same manner in Theorem 2.1 and Theorem 2.2 we can show that
{zy} is a Cauchy sequence in X and hence it is convergent Since X is complete.
Now we show that x is a fixed point of T'. Assume not, then there exist z € X
such that

d(xnyxn—i-l) j d(xn—lvxn)-

(2.16) |d(Tz,z)| = |z > 0.
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So, we have

z = d(z,Tx)
3 sd(zyxpg1) + sd(xpyr, Tx)
= sd(z,xpy1) + sd(Txp, Tx)
2 sd(z,xpy1) + sA[d(x, Tx) + d(x, Txy)]
= sd(z,zpy1) + sAd(xy, Tx) + sAd(z, pi1)-

Taking modulus in the above inequality we get
(217) |2l = ld(@,To)| < sld(w, 2ns1)| + SN d(@n, T2)] + s\ d(, 2011)]

Taking the limit of (2.17) as n — oo, we get
1
(2.18) |z| = |d(z, Tx)] < sAd(z,Tx)| < §|z|,

The inequality (2.18) true only if |z| = |d(x,T'z)] = 0, Hence Tz = z. Finally,
we show that z is the unique fixed point of T. Assume not, then there exist x*
another fixed point of 7. Then, by using (2.1) we get

d(z,z*) = d(Tz,Tz")
3 Ald(z,Tz™) 4+ d(z*, Tx))
(2.19) = MNd(z,z") + d(z", )] = 2\d(x, z").

Taking modulus of (2.19), and since A < 5 we get
|d(z,z")] < 2\|d(z,2z")] < |d(z,x")|

a contradiction. we deduce that T has a unique fixed point. This completes the
proof. O

Example 2.1. Let X = {21, 22,23, 24}. Define a function d : X x X — C such
that

Timy Tp) = d(Tp, Tpy), for all m,n=1,2,3,4
d(Tm, m) =0, for all m =1,2,3,4.

(
(
d(x,y) = d(xl,:l,‘4) = ($2,$4) = d(x3,$4) = 5i,
(
(

Then d(x,, z,) < %[d(mm,xl)—i—d(xl,xn)} for z,,, Tp, 21 € X, k>3 and m,n,l =
1,2,3,4. Therefore, (X,d) is a complex valued b-metric space with constant
o= 3,

Let x = x1, y = z2, and z = x3, so we can see that

d(z,y) = d(x1,22) = 3i = 20 =i+ i =d(x1,23) + d(x3,22) = d(2,2) + d(2,7).
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So d is not a complex valued metric.
Now define a mapping T : X — X as follows:

T(z) = 1, %f:v:nm
x3, if x € {x1, 22,23}

Note that
d(Tl‘l,TLEQ) = d(Tl‘l,T.’L’g) == d(Tl‘Q,Txg) =0

Also, in all other cases
d(Tx,Ty) =i,[d(x, Tx) + d(y, Ty)] > 5i.

Therefore, for A = %, all conditions of Theorem 2.2 are satisfied to get a unique
fixed point x3 of T
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